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Upper Bound on the Decay of Correlations
in the Plane Rotator Model with
Long-Range Random Interaction
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We give an upper bound on the decay of correlation function for the plane
rotator model with Hamiltonian
1 5 J oy cos(G,~8,)

/ d
25 =y

in dimension d =1 and d = 2 when (/,,) are independent random variables with
mean zero.
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1. INTRODUCTION

This paper is a continuation of an earlier work where we proved the absence
of breakdown of symmetry for classical xy spin glass model in two
dimensions with long-range interaction in a region where the corresponding
* ferromagnetic model has a spontaneous magnetization. Here we give an
upper bound on the decay of the two-point correlation function. In the
nonrandom case, when there is no spontaneous magnetization, upper bounds
were already given by Fisher and Jasnow,”” McBryan and Spencer,®’
Schlossman,® Bonato, Klein, and Perez,”™ Ito,® and Messager, Miracle-
Sole, and Ruiz.!”

Let us remark that in Refs. 3 and 6 it was assumed that the
Hamiltonian is reflection positive [8] in order to compare the decay of the
two-point correlation function with the large distance behavior of a lattice
Green function.
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In the case of a spin glass model the Hamiltonian does not have this
property. In Ref. 7 Messager et al. do not use the reflection positivity and
obtain the best results in all cases where the spontaneous magnetization is
known to be zero, e.g., Pfister.®® Their theorems are always true in the spin
glass case as long as the decay of the potential is strong enough and the
coupling constant J,, are bounded random variables. However, their theorem
cannot be applied in the case considered in Ref. 1. Moreover, we are able to
treat the case where the coupling constants J,, are unbounded random
variables with some mild restrictions on the moments of order /> 3. Similar
restrictions was imposed by Khanin and Sinai.'® This is a nontrivial
improvement of Ref. | where only the case of bounded sub-Gaussian random
variables was considered. We also treat the one-dimensional case, since
Khanin™? asserted without giving a proof that there is no phase transition
almost surely. We give an upper bound on the decay of the two-point
correlation function for this model.

2. DESCRIPTION OF THE MODELS, MAIN RESULTS, AND STRATEGY
OF THE PROOFS

We consider the classical xy spin glass model in one and two
dimensions.
Let A be a finite subset of Z¢ we define

J.,cos(f,—8)
HA(QAagAc):_ Z 2 %_‘(—;/2_4_.&)%;_ (21)
xeA yeZd\{x) I'x y,
where in (2.1) each spin 8, takes its values in the torus. We assume that
/xy)x.yyez2a are independent identically distributed random variables

satisfying the following conditions:
EV,)=0
E(JL) =0’

2
E(W%) <p! %H""Z for some fixed HER*

Let us denote by ( )(J) the expectation with respect to any Gibbs state
corresponding to the Hamiltonian 2.1.
The main results of this paper are the following theorems.

Theorem 2.1. If d=1 and if § is large enough then there exists a
constant K (f) > 0 such that

Prob ( Tim log [{cos(f, — 6.))|
Lo log L

<K () =1 (2.2)
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Theorem 2.2. If d=2 and if § is large enough then there exists a
constant K’(6) > 0 such that

=— log [{cos(6, — 6,))l
Prob [L“i?o (log Ly

<k =1 23)

where y = 1 — ¢, for some ¢, arbitrary small but nonzero.

Remarks. (1) Theorem 2.2 can be formulated as follows: Let 2 be the
set of random bounds (J,,),,,,)czs and u the corresponding measure on £. If
B is large enough, then one can find a constant K and a subset £, of £ with
4(2,) =0 in such a way that the following proprty is true: for any g, > 0,
any J € QN\Q2, there exists a constant L, = L,(J, &,) such that

[{cos (b, — 0, D) < exp — (K(B) + &,)(log L)’ (2.4)
Jfor all

L3> Ly, &)

(2) In the case ¢ = 1/2, Theorem 2.2 gives exp — (K/f)(log L)'~ * for
arbitrary small ¢,, as upper bound, which is better than the upper bound in
the ferromagnetic case which is derived in Ref. 7, namely,
exp — (K/f) log log L.

The proof is based on the McBryan—Spencer technics® using an idea of
Messager et al.'” for the choice of complex translation. Let us first recall the
following proposition of McBryan and Spencer.®

Proposition 2.3. Let A(L) be a square box centered at the origin of
side 2L + 1 and let L denote also the point of the x, axis with x, = L. For a
given family of real numbers {a,} indexed by x & A(L) the following
inequality holds:

m%@~@»mﬂ<wﬂ~m—%>

) Ix
+ﬁmglx [ F_jfﬁﬁg)—d COS(HX_'ey)[COSh(ax'—ay)— l]l] §
X,y
x€eA(L)

We refer the reader to Ref. 3 for the proof of this proposition. See also
Ref. 6, p. 752.
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The good choice for a, is

L
1 .
ax:amzK(,B) Z W if |x1<L

r=|x|

(2.6)
a,=0 if |x|>L

where |x|=max(x,|, |x,]) and log* r=max(l,logr). K(8) and y are
constants which will be chosen later. It is easy to see that a; —a,~
[K(B)/1 —y)(log L) if y > 0. Therefore it is sufficient to choose y [resp.
K(f)] in such a way that

J oy cos(d, —0,)

|B72Tad {cosh(a, —a,) — 1} (2.7)

g
Ja s = N
S B.y) (og LY mgx pa x—y
xeAp
is bounded, almost surely as L-» oo, by a constant f{(y,f) [resp.
K(B) — f(7,8) > K (B) for § large enough] in order to prove Theorem 2.2.
Let us denote

AH | 6(4,) §(4,)

Iy
EA {x . y'(};/2+ e)d COS(@X - Hy)[COSh(ax - ay) - 1] (28)
X€
yeA;
xXFy

then

S0y B)= fm—gﬂﬁ max | 24 H(6(A(L)), 6(A(L))) + AH(O(A(L)), 6(A°(L)))
(2.9)

Since the proofs of Theorems 2.1 and 2.2 are long we decompose them in
four steps. Let us explain the strategy which is based on summation by
blocks as in Ref. 1 but with more computational complexity.

Step 1. We consider in 2.9 the term AH(6(A(L)), 6(A°(L?))). If the
random variables J,, are bounded by J we can bound AH(6(A(L),
6(A°(L?))) uniformly with respect to J and 6 by JL ~** using only the decay
of the potential. If the random varaibles are unbounded we use the following
inequality:

AHEUL). o< T
xeAlL) yl
YEAS(LYY

cosh(a,) — 1} (2.10)
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Therefore

Tyl — E( 4l
2 (l xyl (| xy‘))

|4H(6(4), 0(4°))] < el

{cosh(a,)— 1}

xeA

e ElJDicosh(a) — 1)
cosh(a,) —
+ £ = 2.11)
xezA:(L) [x—yf“z
YEAS(L?)
as we will see in Step 2 it is sufficient to consider the case K(f) < 1.
Then we prove the following lemma:
Lemma 2.4. For any K(f) < 1,
. . E(J,,D
() lim Y —SX(cosh(a,)— | (2.12)
Lo xeA(L) ix—y|3+2 ) }
yeAdL?)
(i) lim Y 2~ {cosh(a,)— 1} =0
Lo xe;(L) lx — y|@+2 {
yeAr?) almost surely  (2.13)

Remark. 1t is crucial that the set £, of measure zero where 2.13 is
not true does not depend on the spin configuration 8. If 2, would depend on
@ the nondenumerable reunion (J, £2,(¢) could be of measure 1.

Step 2. We consider the term AH(G(A(L)), O(A(L*)\A(2L))). This is
the first intermediate region. If we use an inequality similar to (2.11), this
sum,

EQID

y|3+25 {COSh a, — 1}

XEA(L) X —
yeAWLD\AQL)

goes to infinity with L. To solve this problem we discretize cos(¢, —6,) (not
the ¢, as in Ref.l) in the following way: Since cos(d,—6,)=

cos(f,) cos(8,) + sin @, sin 8, and |cos 8,| € [0 1], we can perform a dyadic
expansion of cos 6, :

cos 0, = ,(6,) ( v TK(gx)) (2.14)

K
i 2

where 7.(0,) = 0 or 1 and 0,(8,) = sign(cos 0,). Defining 6,(6,) =
20.(0,)—1if K> 16,(6,)=1, we get

cos 8, = ay(6,) [% + 3 k0 ] (2.15)
K=1

2K+1
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If we set 0,(0,) =0,(0,) 5,(0,) we get

= v %0 (2.16)

For an integer M, we define cos™ 6, =>"%_, [0,(0,)/2""]. We consider
in AH(6(A(L)), OA(L*)\A(2L))) only the terms corresponding to
cos 0, cos 8, since the terms with the sine are treated in the same way for
simplicity we call these terms AH(O(A(L)), HAL*NA(2L))) and let
AH™ (B(A(L), 6(A(L*)\A(2L))) be the same terms with cos 8, replaced by
cos™ 6.

It is straightforward that

1 J
|AH—AH‘M)[<2—M > _l xy(l”e) [cosha,— 1] (2.17)
x€A(L) |x — yl

yeALD\AQ2L)

Denoting AH(A(L), A(L*)\A(2L), |J|) the sum in the right-hand side of
2.17) we get

| AHBAL)), BALNACLY))
< AHA(L), ALNQLY 7 — ()

1
oM
+ |[AH™(O(A(L), (AL )\AQL))) (2.18)

+ = AH(A(L), A(LLP)\AQRL), E(J]))

Lemma 2.5. There exists a choice of M as function of L and d such
that

() Jim g AH(AL), ALNACL), E(J]) =0 (2.19)

(i) lim ZLMAH(A(L)A(LZ)\A(ZL), =& =0

(2.20)
almost surely

(iii) if KB)<dy,_s with 0<d<e
Prob <L1§10 max [AH® (6(A(L)), 9(A(L2)\A(2L)))=O) =1 (2.21)

Therefore AH(B(A(L), O(A(L*)\A(2L))) goes to zero as L goes to infinity
uniformly with respect to § and almost surely with respect to J.
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Step 3. We consider the term AH(6(A(L), 8(A(2L))). Let us remark
that if we used the inequality (2.11) then the term

E(J, D
> o Gz {cosh(a, —a,) — 1}
reawy 1X— Y
yEAQL\{x)

goes to infinity with L. Therefore we use a discretization as in Step 2.

First we subdivide A(2QL\A(L) and A(L) into concentric crowns as
follows:

For any integer L, there exists a unique integer m(L) such that 2"
L <2m®+1 We write m instead of m(L) when there is no danger of
confusion. If X is a real number let |X] be its integer part. For any integer
K>landany € 1,2,., [L27" ¥~ 1=a,(L)—1 let

Fr = {xez?)2" % - 1) <|x[<2" )}

ag(ly—1
K+1 _ K+1
gﬂK(L) _AL U gi
j=1

If j € ap (L) + L, 204(L) — 1, let

FEH = X ETYL A+ (J— 1+ (L) 2" <L+ (j — ay(L)2"¥]

and
2ag(L)—1
%fjtu:AaL)\;A(L) U el
K Jmad)+1 §

Let us remark that the width of X/, j = a,(L) + 1 and #'5; () is less than
2m—K+1 and no less than 2™ %. The reason of such decomposition will
become clear in the sequel. Roughly speaking for a given m and K, except
for the two crowns #%*}) and #%.; ), the width of the crowns #'f*' is
constant (and equal to 2" ¥) if L increases from 2™ to 2™*! — 1. In Ref. 1
we allow the width of these crowns to increase with L. Here the number of
crowns % § 7! increase with L. According to this decomposition AH(6(A(L)),
#(A(2L)) can be written

AH(8(A(L)), 6(A(2L)))
- af L AHO@SH), 0@ 1) + 24HEEE ), 0@5) + 3 R,

(2.22)
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where for a given p > 2, R, denotes

ap_(L) ap—_a(L)

R,= 2 24H(O(ZT), 01 ) + Z 24H(O(Z5;_ 1), 0(Z5; 1,
J=1
+2dH(0(Z 3., ) 0F 5, _,+3)) (2.23)

where the last term in (2.23) occurs only if a,_, is odd:

a(L)  ayl)
R,=> Y 24HO@},0%%))
j=1 K=j+2
In this step we consider only }’X_, R,. We first discretize the cosine as
in Step 2. With self-explaining notations we get

K
N R,(J, cos 6)

p=2

K K
= ZZ R,(J, cos™ 6) + 22 [R,(J,cos ) — R ,(J,cos™ B)] (2.24)
p= p=
It is straightforward that the modulus of the last sum in (2.24) does not
exceed

1 K K

3 R RID =5 X RN 455 X RAEWD)  229)

p=2 p=2 p=2

where R(|/|) is nothing byt R (J, cos #) with J,, replaced by |/, | and cos &
replaced by 1.
We prove the following lemma:

Lemma 2.6. There exists a choice of M as function of L: K=
[log, L] — [log, log,[log, L]] where log, is the logarithm to the base 2, such
that
R,(E(J])=0 (2.26)

. . 1
() Jim oy 5

(i) Jim s g 3 R(JI—E(/D) =0 almostsurely ~ (227)

0 — 1 . 8
(111) Prob <hm (mg » —_——_(1 )}' E RP(J COS ) = ( )

Part (iii) is the most complicated of this paper and is rather different from
the Step 3 of Ref. 1. The main difference is the following: In Ref. 1 we prove
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some probability estimates which can be used until the width of the crown is
0 (log L). After that we estimate the remainder terms uniformly with respect
to J and 6. Here, even if the random variables J are bounded, such a uniform
estimate is useful only if this width is O (log log L). In this step we improve
the probability estimates of Ref. 1 in order that they can be used if the width
of crowns is O (log log L). This was done by using a different discretization
of the cosine and by estimating the distribution of the random variable
max,(AH((F*+1), (#*¥+'))) without subdividing the crowns #*' into
small squares as in Ref. 1. These two facts are rather technical but are
crucial. Moreover this improvement does not give directly the almost sure
convergence of (log L)~ "maxg ;) |2 A—2 R,(/, cos™ §)| to zero but merely
the convergence in probability. We get almost sure convergence when K(L)
is such that the width of the smallest crown is O(log L). To solve this
problem we used a method which is very standard in probability theory:
First we prove that, for a convenient subsequence L,, L,— co, with
probability 1,

K;y(Ly)
(M)
RP
p=Ky(Ly)

lim ——— = 2.2
oo (log L,)’ 6(A (o2 0 (229)
where K (L,) [resp. K,(L,)] is such that the width of crowns is O(log L,)
[resp. O(log log L,)]. Seconddly we prove that the whole sequence is
arbitrary near this subsequence, i.e., with probability 1:

1 KaLpy1) Ka(L)
max ————— max E R, — 2 R
7 p P
Lm<L<Lpt1 (l0g L,)" 0ACLy D) | ,_gF ) KoL)

is arbitrary small, infinitly often.

This last fact is proven by using an adaptation of the Chung lemma,
which is equivalent (see Lemma 2.3) to prove an analog of the Skorokhod
maximal inequality. **

Step 4. In this step we consider the first two sums in (2.22), calling
them AH,(J, cos 0).

Using

(13)

|4H (J, cos )| < AH (E(|J])) + 4Hg (17| = E(J]) (2.30)

we prove the following:

Lemma 2.7. If K, = [log, L] — [log, log,[log, L]},

. . 1
(i) Lh—{go Tz L) |dH (|J| — E(J]) =0 almost surely (2.31)
(ii) nglgo —(T()—él—i)—yAHKZ([E(]J|) =0 for suitable choice of K(#) (2.32)
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Here also the proof of (2.31) is based on an analog of the Chung lemma, ¥
The reason is the following: With our hypothesis on random variables it can
be proved that

Prob(|4H (/| — E(|J])] > d(log L)") < ct exp[—c(log L)"d]

but since y is strictly smaller than one we cannot use directly the Borel-
Cantelli lemma. On the other hand if J are sub-Gaussian random variables it
is easy to see that

Prob(|4H(|J| — E(J])| > 8(log L)?) < ¢’ exp[—¢d*(log L)

and we can use the Borel Cantelli lemma.

The analog of the Chung lemma allows us to prove Lemma 2.7 in the
whole generality of our hypothesis. This is the main difference with Step 4 of
Ref. 1 where we proved only analog of 2.32.

Remark. 1In Step 3, even if the random variable J was sub-Gaussian
we need to use the analog of the Chung lemma. Mainly because in Step 3 we
prove that it is equivalent to consider random variables which are sub-
Gaussian or satisfy our hypothesis. In Step 4 this is not the case.

3. PROOF OF THE PREVIOUS LEMMA

We denote by C a constant which may be different from time to time.

Step 1

Proof of Lemma 2.4. Part (i). Since E(J?)=0? we get E(|J]) < o. If
B, = {x € Z*/|x|=n} it is straightforward that

1 s
;—_—y—lam<q(q) -2 (3.1)

X€B;,YE€Bg 4 |

Using a(y)=0if | y| > L we get
E(J, )

_ y|3+25

{cosh(a(x)) — 1}
xeA(L) ‘X
YEASLD)

>, {cosha(j)— 1}
CGZ Z(L Ttn+L—j)ttre

(3.2)

The estimate exp a(j) < (L//)*® exp K(f) implies that the right-hand side of
(3.2) does not exceed coL ~*¢if K(B) < 2. This proves (2.12).
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Part (ii). Let AH(A(L), A°(L?), |J|—E(J])) be

(|ny| B [E(I‘]xyD)

y|3+28

{cosh(a(x)) — 1} (3.3)
xeAWL) X —
YEALL?)

by similar computations we get: if K(8) < 1
EUH(A(L), AS(L?), |J| — E(|J]))* < co?L =6 *¢
The Tchebychev inequality implies

2
Prob(AH(AL), AL, 1)~ E(J|| > e) <TrL757 (34)

1

Since the series with general term L °~*¢ is summable the first Borel
Cantelli lemma implies 2.13.

Step 2
Proof of Lemma 2.5 part (i) and (ii}. (i) By similar computations it is
straightforward that
AH(A(L), ALNAQRL), E(J]) < oeL'~** (3.5)

if K(f) <2 and ¢ < 1/2, if K(f) < 2 and & = 1/2 the right-hand side of (3.5)
have to be replaced by oc’. Therefore if we choose M = [log, L] we get
(2.19).

(i) It is straightforward that if K(#) <1
E@HAL), ALNAQL), [J|— EQI)) <o%eL™>7%  (3.6)
The Tchebychev inequality and the first Borel Cantelli lemma imply (2.20).
The proof of Lemma 2.5 part (iii) is based on the following exponential

estimates for the distribution of sums of independent random variables
(Jx)% -, which satisfy

2
EU)=0, EUD=0k EUD<pIH"

for some fixed HE R* see Ref. 12.
Bernstein Inequality. Let D} =3 % 0%, thenif S,=Y"7_,J,

Prob(S,| > 2xD,) <2 exp(—x?)  if 0<x< 2%4"- 3.7)

Prob(|S,| > 2xD,) < 2 exp (— 2—;4—) if x> fz\; (3.8)
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Let us remark that if J, are sub-Gaussian random variables (3.7) is true
for any X > 0. With our hypothesis on random variables J we have to be
very careful in our summation by blocks if we want to be in a region where
(3.7) can be used.

We subdivide 4(L?) in square of side 2L. Accoding to this subdivision
AH™ (0(A(L)), 0(A(L*)\A(2L))) can be written

>, AH™OAL)), 6(4))) (3.9)

A ALT\A(2L)

Let us remark that the number of terms in the previous sum does not exceed
L2

We estimate the distribution of AH™(6(A(L)), 6(A;)) by using the
following lemma which is an adaptation of Lemma 1 of Ref. 10.

Lemma 3.1. Oet Z, be the center of A; and § a constant 0 < & < 1/2.
If K(f) < 1 — 20 then there two constants ¢, ¢’ such that for any u € |0, 1]

Prob (39<A (L)), (A )/| AH™B(A(L)), ()| > |—§T—)

2
<e exp—;‘—cL““ (3.10)

Proof of Lemma 3.1. AH™(§(A(L)), 6(4,)) is equal to

Ty > Ox(6y) ¥ ox(6,)
XE;/(‘L') x—yre [KZ_U FK+1 HKZ:O Y3Ea ]{cosha(x)~1} (3.11)

If we perform the product [} ¥_,][2 % —o] we get

M AH, ..
AHW = . 1;—0 Fﬁ—’jz— (3.12)

This is the sum of (M + 1)* strongly dependent random variable 4Hy ..
Given (K, K') € {0,..., M} X {0,..., M} and 8(A(L)), 8(A;) a configuration of
spins, if x € A(L) and y € A; we define the random variable:

J, cosha(x) —1 .
?’](.X, y)ZWOK(BX)GK’(G)J){__—Z?U}?_—_}—‘ZA:!+Z (313)

It is easy to see that E(|n”|) < c?E(]J|?); therefore n satisfies the conditions
of the Bernstein inequality with some constant H' = cH.
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Let D? be the variance of },.xu) yen, 71(X, ). Using cosh X —1>
X?*/2, we get

D2>~ci<72 > a(x)*
=z
ZLZK(B) xeA(L)
CGZ L/2 L 1 4
>~L2~2K(B) J [ — ] K(ﬂ)4
) ; 2 Tl B
> eK*(B) a’L? KB (log L) 40~ (3.14)

Moreover, it is straightforward that
D*Lel~ ¥ P exp 2K(f) if KPB) <1 (3.15)

Let us choose X in the Bernstein inequality as

L3+28

A=t oprFe

Using  (3.14) we get X< (u/2)eL't?(logL)*'~? and D>
¢’'L?~%®)(log L)~*1-7, Therefore if K(B) < 1 — 26 and L is big enough we
get X < D/4H for any fixed H. Therefore we can use (3.7). Using (3.15) we
obtain x> (u/2\/c)L'*?® and (3.7) leads to the following: for any
(K, K') € {Oyes M} X {0,..., M}

3428
u

2
Prob <|AHK,K,!>;¢W) < 2exp (—%L““) (3.16)

Now since the number of random variables we can obtain from AH .. by
changing o(6,) 0x.(f,) does not exceed 27" we get

‘UL3+25 )

Prob (6(4(L), 6(4,)/ 4 x| >

2 2
< 22% exp (——ZT,L”“‘S) < ¢’ exp (—g—CL””) (3.17)

If we use the fact that
330(A(L)), O(ANNAH™ (B(A(L)), 6(A,))]

L3+28 M 1
> e Y, FETEEI
|Zi[ +2¢ X 2K+K +2

K'=0

(3.18)
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is contained in

M

U

K.,K'=0

3+28 1

30(A(L)), 0(A)/| dH g x| > 1

(3.19)

'Z-l3+2£ 2K+K’+2
H

(as it can be easily checked by taking the complement) we get

L3+25 )

Prob (aeu (L)), (4 )/| AH™ (B(A(L)). () > 4u

2 2
< (M + 1) (_lu___L2+46) < (_ “ 2+45> '
<M+ 1) exp % ¢’ exp 160L (3.20)

the last inequality in (3.20) comes from M =0 (log L).

Remark. This is at this point that the discretization of cos 6, instead
of 4, is crucial: we need a lower bound on the covariance if we want to use
(3.7). Moreover we obtain a better estimate than in Ref. 1.

We can pove Lemma 2.5, part (iii).
Using similar statements as (3.23) < (3.24) or Lemma 3.3 of Ref. 1 we
get:

Prob (39(/1 (L)), (AL NAQL)Y/ | AH Y (B(A (L)), HAL*N\A2L)))

1
>4IUL3+ZSZ_____)

- tZ't3+2€
i 1
u? u
< ¢’2L% exp (—R—CL”“‘S) <c”exp (”SEELMS) (3.21)

because there is no more than L? boxes A; in A(L*)\A(2L). Now by a
simple scaling

1 c

Z |Z~|3+28< (L)3+25 {3'22)

Therefore if we choose 0<d<e¢ and L large enough (in order that
L% 1) we get

Prob(@6(A(L)), 8(ALNQLY/AH™ > )

2
<e exp—-g%L“” (3.23)

which together with the first Borel Cantelli lemma implies (2.21).
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Step 3

We prove the result only for the first sum in (2.23). The second sum is
treated in the same way.

Proof of Lemma 2.6. (i) Letting p€ 1,2,..,K and jE€ 1, 2,..., a,(L)
we consider

AHE [, €75 E(ID)

= 2 % {cosh(a(x) —a(y)) - 1} (3.24)

xe?;.’“ lx

ye#hl
Assume 2 < j< a,(L)— 3. Using (3.1) we get

AH@E ], #75, E(JD)

jam—p (j+2)y2m—p _ K _1
<o Y g Ly leohld@_dBIZ ] 55
g=(G—-D2m-p+1 K=(j+D2m-p+l (K —q)
On the other hand,
(K—9q)
la(q) — a(K)| < K(B) (3.26)

g(log g)' =7

Since in (3.25) ¢>(j—1)2""?+ 1 and K< {(j+2)2" 7 the right-hand
side of (3.26) does not exceed [14 3/(j— 1)] K(#). Therefore for some
constant ¢,

{cosh[a(g) — a(K)] — 1} < ¢, K*(B) 52—(%5‘]2—3:7) (3.27)
Inserting (3.27) in (3.25) we get
(3.25) < oK (B)(27 7)1 -2 K ! (3.28)

g=G-am-r1 qllog g)* ' =?

Ifa,(L)—2<j<a,(L)—1itis straight forward that the same result is true
up to a multiplicative constant, for j = a,(L) the sum in (3.28) runs from
(a,(L)—1)2""? 4+ 1to L. If j=1 we remark that

1 g (K+2m-p+l) 1

la(g) — al)| < K(6) g

(3.29)
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which follows by comparison with an integral. Using (3.29) it is
straightforward that

AH@& P, €572 E(J]) <oc(2™ 7))~ exp K(f) (3.30)
{3.30) together with (3.28) leads to

(L} L 1
2 2 m—pyl—2¢
]; AH(&*5, €75 B(TD) < 0e(2777) J; Jllog TP

Hence
K

S R,(E(I]) < oe(2") *(log L) (3.31)

If we choose M = [log, L] we get (2.26).
We prove Lemma 2.6, part (ii):
By similar computations we get

EQH@@?, 225, 1T = E(ID)?

jam-—p |
Leol(Qm-p)—te —_—— 2 ja,L)Y—-1 (3.32)
N q:(j‘gl”‘—m-l g*(log* g)*V =7 ap
S 1

clg(amry =4 if j=a,(L) (3.33)

g=(apL)—1)2m=v41 W
01102(2"’—0)—2—45 if J:I (334)
Therefore

ER (/1 —E(JD) < a’e@m™?) % (3.35)

The Tchebychev inequality leads to

Prob ((1 lL)V o (Z R,(J]— [E(m))%l)

a’c 1 1
S Slog )7 2 2 Z )i (3:36)
Since 2™ >¢'L? 3K, (2™ P)7* L c"K(Q2¥™)** and by construction
K < m=0(log L), the first Borel Cantelli lemma implies (2.27). In order to
prove Lemma 2.6, part (iii) we need the following lemma, which is an
improvement of Lemma I1.5 of Ref. 1.
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Lemma 3.2. For any 6 >0, g, € |0, 1] there exist constants ¢, ¢’,
such that if K(f)/y < 1 then

Prob(F0(E 1Y), 0(€1.5)/|AHM B 1), 0 115
/81(2 m+p)—2(e B)f;_(zm—p))

2
< c¢'(log 2™)? exp (—%) 2™ ¥ max(l,j—1) (3.37)

where
£2m Py = [max(1, j — [)(log* (1 + (j — 1)2m—»)2(1 =]~

Proof of Lemma 3.2.  We assume j < a,(L)— 3.

As in the beginning of the proof of Lemma 3.1 for any given
configuration of spins (Z7*"), O(€1)), AHM(O(&F*?), H(&!}))) can be
written

M AHy 4
KI; 0 2K+K +2 (gp+2 gjp-:;

For any {K,K'}€ {Op, M} X {0, M} if BFP'Y), O@P:) is a

j+2
configuration of spin and x E€/*!, ye & P! are lattice sites we define the

following random variabie:

J
7(x, y)=|——~|—3+—2501<(9 ) 0 A0y){cosh[a(x) —a(y)] — 1} g,(2" ")
(3.38)
where
gam-ry= [TV f =1
f (= DV @"=7)*24log[1 + (j— 1)2" 2] 207 if ;> 2

(3.39)
Using if j > 2

la(x) —a() <K@B)(— 1) 'log 1+ (j—1)2"~?]~  (3.40)
ifj=1,

la(x) —a(P) < K(B) +

K
}()ﬂ) log 3.2m7* ' 3.41)

822/36/3-4-14
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it is easy to check that

C)ny,
(max(1,j — 1))

1n0x, ¥ < @m-ry (3.42)

this estimate together with the hypothesis on random variable J leads to

Eexp (s ) < 1 +0° 5 gians) [ RO 0D =
o0 2ey2 c -2
X[”’Z—'J # ey
. (3.43)
| (max(l,g = 1)@y a0

2Hc

the series into the last brackets does not exceed 2. Therefore if (3.44) occurs

cosh(a(x) —a(y))— 1) * (3.45)
lX“y]3+2£ '

E(exp t(x, )) < exp t’0’g}(2" %)

Using the fact that for different values of x, y n(x, y) are independent and by
some straightforward calculations we get the following:
If (3.44) occurs,

E (expt N on(x, y)) exp t’o’c; (3.46)
xe @t

P+1
ve#rl

where, for some constants ¢, ¢’,
¢;=c if j>2
¢, < c/(zm—P)—ZK(B)/y if j=1

If we set t=1/g;(2™7) and we used the fact that

AHy g0 = —ope (2,,, 7 2 Z n(x, y)

We get

2.2
o’

W (3.47)

E(exp tdHy ) < exp
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if

. m-p
r< g(2" ")

<50 (max(1, j — 1))2(@2m*7)? (3.48)
The Markov inequality leads to

Prob(dHy x. > glj}(z”‘_l’)(zm—p)ﬂ2u~5))
S(277F) t’c;0°

Lexp {—7¢, o I + 22" (3.49)
J
We choose
6 m-— » m—
r= o g (2" ) (max(Lj — 1) h2")
where

o (am it j>2
hj(z p)= (2m~p)1+K(B)/7’ if J:I

It is straightforward that (3.48) occurs if K{8)/y< 1. On the other hand
some easy computations show that the right-hand side of (3.49) does not
exceed ¢’ exp[—ej(max(1, j — 1))(2™?)2*2°]/4Hc if 2™ 7 is large enough.
Since if we change o0g(0,)0oc.(f,) we can obtain no more than
exp(8; + 8)(2"~7)* log 2 different random variables 4AHy ., we get
Prob(0(E 1), O(F 7 1))/ AH & > €, £,(2"72)(2"77) 727 %)
2

e'exp {(8;+ 8)(2™7)’log 2 — 42 max(1, j— 1)(2777)**%
C

(3.50)

If m is large enough, since p < m — [log, log, m], m — p goes to infinity with
m, the right-hand side of (3.50) does not exceed

2

¢" exp — 8;}0 (max(1, j— 1))(2™ 7)*+2

Using now the fact that

(M) p+1 p+1 - AHK,K’
44 (9(%1. )s 0(%1.” )) = Z IE+K'T2
0

K,K'=

M = [log, L] =m(L) and similar argument as (3.23) < (3.24), we get 11.38.
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If a(L)—2</j<a,L) each step of the previous proofs can be
checked with some trivial change of constants ¢, ¢’ and &; become ¢, ¢ for
some constant ¢ independent of p.

The proof of Lemma 2.6, part, (iii) was done in two parts: in the first
part we consider the term

1 Ky(L)

oz L) pgz R,  where K,(L)= [log, L] — [log,[log, L]] (3.51)

In the second part we consider separately

_ 1 Ka(L) ap_((L) -
==t AH™((#?P), 6" 3.52
£ (lOgL)y P=K (K +1 ( Z ( ( ]) ( j+2)) ( )

j=ap_yL)-1

and

l Kq(L) _ )
- R,—R (3.53
B LY, o Rt

where K,(L) = [log, L] — [log, log,[log, L]]. Let us remark that K,(L) and
K,(L) are constant if 2" L L 2™ — 1.

First Part. With the help of an argument similar to (3.28) < (3.19) (or
Lemma IL.3 of Ref. 1) and the two following estimates:

ap_1(L)
(1) Z [max(l,j—1)]'1[10g+(1+(j_1)2m~p)],z(l_y)
J=1
<cllog L)~ +*"1og log L (3.54)
ap_y(L) e?
2) Z exp [—?1 (27P)2+ 25 max(1, j — 1)}
j=1
e?
<’ exp [__c_l(zm—p)zua:l (3.55)

Lemma 3.2 leads to

(R, log log L
Prob (36(/1(214))/ (log L)y > &y (logL)l—y(zm——p)2(8—5))

2
c(log 2™)? exp {- 871 (2'"“’)”25] (3.56)
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Using one more time a similar argument to (3.18) = (3.19) and the two
following estimates:

Kil)
(1) Z (szp)—z(e—rS) <C(2m—K1(L))—2(5—8) (357)

p=2
L R £ m—p\2+28 el 24268
i) > exp ——2—(2 ) <clogLexp ——c—([logzL]) (3.58)

p=2
inequality (3.56) leads to

R (loglog L)
P D
rob (HH(A(ZL))/IJZZ (IOgL)y >81 (IOgL)l‘y-%—Z(a—B)
2
<c'(log L) exp —fcl-([logzL])“” (3.59)

If m is large enough
log log L
Gog L) <!

The first Borel Cantelli lemma and (3.59) leads to

Ki(L)

2 R,

p=2

=0 almost surely

lim ——— max
Lo (log L) ey

We prove the second part.
Let us first remark that we cannot use directly estimates (3.56) because
it can be checked that

Prob (39(A(2L))/ Kim R,,>81(logL)’)

pP=K(L)

< c(log L) exp

2
2 1og2[1og2L])2+25%§ (3.60)

and the series with general term the right-hand side of (3.60) is not
summable. On the other hand (3.60) implies that
Ka(L)

LI—{ED W 6(1}\1(512)2)) 2 R,=0 in probablity (3.61)
Moreover of we consider the subsequence L, = 2™ (3.60) together with the
first Borel Cantelli lemma leads to

Ka(2m)

lim ——— R, = 3.62
m1~>r1;10 (log 2m)y 9(1'/1;1(32)'5!)) p=K1(’2m) ’ 0 ( )
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almost surely. Since the width of the crown % ﬁ,,(L) changes when L varies
between 2™ and 2™*' we consider the terms (3.52) which contain all the
terms where €7 ., occurs.

Using (3.37), the fact that K,(L)—K,(L)<c(logL) and
(a,(L)—2)2™7" > cL for some constant 0 <c <1 if p € K (L), K,(L) it is
straightforward that

Prob(30(A(2L))/R, > €,)

2
<eosLy e |~ L@@y |

G
L c” exp (—7L> (3.63)

if L is large enough, which together with the first Borel Cantelli lemma leads
to

lim max R, =0 almost surely
L= (Aqr)

We consider (3.53). Let R, =R, — Y77, _, 4H(B(F?), H(F?.,)). We
prove an adaptation of the Chung theorem (%) which would imply that (3.61)
and (3.62) lead to

KoL)

lim —— R, =0 almost surel 3.64
el (log L)’ e(r/rxl(%)L()) p=EKiL) surely ( )

Let us explain the strategy of the proof: Let K (L) and K,(L) be as
before. Let K, K’ € {0,..., M} X {0,..., M} and 8(A(2L)) a given configuration
of spins. We define the following:

1 b
(1) A, (04,04)= {—— R (og0,) > ¢ (3.65)
L\YK K (lOgL)'y pZ‘K‘ pP\¥YKYK 1

where R~p(aK, o) corresponds to a given configuration of o, (6,) 0,.(0,);

(i) 4K K)= U 4,0x0x) (3.66)
{ox. ok
where the union runs over all the possible configurations of o, 0

(iii) A4, = f A, (K, K") (3.67)

K,K'=0



Plane Rotator Model with Long-Range Interactions 511

We want to prove

lim Prob( U AL> =0 (3.68)

Lg—-o0 L>Lg

We can assume L,=27. Since ,,, 4, can be written

m=po { zwzlm YA, }, we get
[ee) am+i_1
Prob( U AL)< N Prob( U AL> (3.69)
L>Ly m=pg L=2m

Therefore if we can prove that Prob({)?",~'4,) is the general term of a

summable series we get (3.68).
Let us first remark that M(L) = [log, L] is constant and equal to m if
Lel,=2",..,2""" —1]. Therefore it is straightforward that

2m+1_1

Prob < U

L=2m

ML(j) AL(K,K')Dg f Prob(szlAL(K,K/ﬂ (3.70)

K,K'=0 K.K'=0 L=2m

On the other hand if 2" L <L'<2"*'—1 then R {oK,o‘K,}(L )—
R 10k, 0x.}(L) and R p{0xs Ok H(L), R {ok> O J(L = 1) -+ R {og 04} (27)
are independent random variables. Th1s follows from the fact that
R,{ox, 0k (L) and I?p{oK,aK,}(L’) are sums of independent random
variables indexed by a family of crowns of width 2™~”~! and since L’ > L
the summation runs over more terms in R 0k 0k J(L') then in
R,{0, 0, }(L). The following lemma is an analog of the Skorokhod
max1mal inequality. ¥

Lemma 3.3. Let 0 < g, <1 be an arbitrary real number. Let j be an
integer 1 < j 2" —
If

Bi({og,04.}) = 22 EP{O'K,OK,}(2”'+J')__ Zz EP{UK,GK/}(2m+1~l)

P=K, p=K;
< ¢, (log 2”1)?%
Kq -
Cllox.ox =1 3 R,,wmoxf}(z'"w)] > 26,(log 2")’
pP=K;

Bj: 0 B({ok,0k:}), éf: U Cilox, ox})

fog.ok) fok,ok)
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then
Prob ( U A2m+1_1{0K,GK,}>
(ox,ox1
. m—t
> (1<jglzfm-1 Prob(Bj)) Prob ( jg)l Cj) 3.71)

Proof of Lemma 3.2. By the triangle inequality we get, for any
JE{L2,.,2" -1},

Aymii_{{0g, 0x:}) 2 B({og, 05.1) N Ci({og, 0x}) (3.72)

Therefore
2m—1

Ay (K, K> U BNE) (3.73)
j=1

ji=

Since we have seen that B({og,0x}) and Ciox,0x)C;1{0,, 0k} -
C.{ok,0x/} are independent events, it is straightforward that B; and C;,
C'j_l .., C, are independent events. Therefore if we set C, = ¢, B, = ¢, we get
the following chain of inequalities

2m—1
Prob(AzmH_](K,K’));Prob( U B,nC)  [by(3.74)] (3.74)
j=1

2m—1 j~1

= Y Prob ((é,.m ¢) N (B,,mc‘n)C>
j=1 n=0
2m—1 J

Vv

S Prob ((Ejm ¢) (i (c‘,,)C)

J

2m—1 j—1
Prob(B;) Prob (c‘,. N (é,,)C) (by independence)
j=1 n=20

J

1<ig2m—1

2m—1
>( inf Prob(ﬁj)>Prob< U C’,.)
Jj=1

and this proves Lemma 3.3. )
Now we can prove 3.64: Since Prob(B;) does not exceed

K2 - ) e
S Rylox 0x)2" +)> 5 (0g 27

p=K;

Prob (H{UK,UK,}/

K,
+ Prob (3{0’1(,01(1}/ Z R.'p{O'K, o‘K,}(Z”H'l _ 1) > _82_1 (log zm)y)
p=K;

(3.75)
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(3.60) leads to the following: for any j € 1...., 2" — 1,

2

Prob(B,) > 1 — cexp — % (2[log, log, 2™])*+ 22 (3.76)

if m is large enough.
Therefore Lemma 3.3 and (3.60), (3.70), (3.76) lead to if m is large
enough:

am+l_1

2
Prob( U AL)<c”exp—%(Z[logzlogIZ'”])“” (3.77)

L=2m

Since the right hand side of (3.78) is the general term of summable series, we
get the result.

Step 4

Proof of Lemma 2.7. Part (ii). Using (3.1) and the analog to (3.26),
it is not difficult to check that

QKZ(L)
Y K+l oK+l Ky+1
(log L) ;:2 AHE L, € Ve (D) (3.78)

does not exceed c(log log L)*¢~'(log L)"~! which goes to zero when L goes
to infinity if 1 —y > 0.
On the other hand,

WAH(?’{” LERTIUETLUE()

m—K;y 2m—Ky+1 1
Lco(log L)~ Z > ——5- {cosh(a(t) — a(s)) — 1}
(=541 (E=9)
(3.79)
The sum ;7 %" can be written Y25 . 4+ Y2 i g 4 1< 25 it s
straightforward that

a(z) — a(s)] < 2K (B)(log 5)"" (3.80)

and therefore {cosh(a(r) —a(s)) — 1} < c(a(t) — a(s))* If t > 25 + 1 we used

() - a(s) < K(B) ( + log )
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which follows by comparison with an integral. These two facts and some
computation lead to (3.79) <co(2™ ¥2)! ~2¢T¥B)(log L)Y, which goes to zero
if L goes to infinity because 2™ ¥ = O(log log L ).

Part (i). If we use similar summation by blocks as in previous proof
it is not difficult to check that

E(AH}(J| — EQI)) <o’ (3.81)

for some constant ¢’.
The Tchebytchev inequality yields

c'o2

Frry s

Prob(dH (/] —E(J]) 2 e,(log L)) <

We use here an adaptation of the Chung lemma. As in Step 3 we first
consider the term where #%2*/ 1) OCCUrs:

o 2K,y
AHg,= Y AH (@9 e ugfih I - E(V)

j=ag,—-2
it is straightforward that
[E(AHKZ)Z c(2™” K)/[(aKZ(L) p2nep (3.83)

Using a,,,,2" %2> ¢’L for some constant 0 < ¢’ < 1 if m is big enough.
The Tchebychev inequality and the first Borel Cantelli lemma leads to

1 —
lim —— =0
lim Tog LY AH ¢ almost surely

Now we have to prove that

. 1 ——
Llﬁxo Tog L) (AHy,—AH ) =0 almost surely

Let  AH, =AH, —4H,. 1f 2"<L<L'<2""'—1  then
AH, (L) — AHy (L') is independent of AH, (L), AH, (L — 1) --- AHy (2™)

because here also ANHKZ(L) and ANIJ-IKz(L’) are sums of independent random
variable indexed by crowns of width 2 ~%2 and since L’ > L the summation

Tuns over more terms in ANHKz(L’) than in A7{K2(L ). At this point the proof is
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exactly the same as the end of the Step 3 with the following modification in
Lemma 3.3:

By= {|4H, 2" + j) — AH, (27" — 1) <¢,(log 27)}  (3.84)
;= {|4Hy (2™ + ))} > 2¢,(log 2"} (3.85)
Agmiiy = {|4Hg (271 — 1) > &,(log 2™)7) (3.86)

and writing

2m_]
Prob(Azm“Nl)}Prob( U é.mc} (3.87)

instead of (3.74), we get

2m—1

Prob(AzmH,l)}[ Inf Prob(éj))Prob< U c‘j) (3.88)
1<j<am—1 i=1

Using (3.81) and the Tchebyshev inequality it is straightforward that
Prob(B¢) < c(log 2™) %7 (3.89)

Therefore (3.88) and (3.89) lead to

m—1

Prob ( ;91 C’j) < m [1—c(mlog2)~?"]~! (3.90)

Since 2y > [, the right-hand side of (3.90) is the general term of a summable
serie and from the first Borel Cantelli lemma we get the result.
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